Let J ⊂ I be two monomial ideals such that I/J is Cohen Macaulay. By associating a finite posets P g I/J to I/J, we show that if I/J is a Stanley ideal then I/J is also a Stanley ideal, where I/J is the polarization of I/J. We also give relations between sdepth and fdepth of I/J and I/J.
Introduction
Let K be a field and S = K[x 1 , . . . , x n ] be the polynomial ring in n variables. Let J ⊂ I ⊂ S be two monomial ideals such that I/J is a Z n -graded Smodule. Let u ∈ I/J be a homogeneous monomial and Z ⊆ {x 1 , . . . , x n }. We denote by uK[Z] the K-subspace of I/J generated by all elements uv where v is a monomial in K A Stanley decomposition of I/J is a presentation of the Z n -graded K-vector space I/J as a finite direct sum of Stanley spaces D : I/J = we call I a Stanley ideal. The conjecture is widely discussed in recent years for example [2] , [4] , [6] , [8] , [9] .
Let u be a monomial in S. Theñ
x ij ∈ T is called the polarization of u, where T = K[x 11 , . . . , x 1a1 , . . . , x n1 , . . . , x nan ]. Let I be a monomial ideal in S with monomial generators (u 1 , . . . , u r ). Then the ideal generated by (ũ 1 , . . . ,ũ r ) is called the polarization of I and is denoted byĨ. For more details, see [3] . As a main result of this paper we show that if I/J is a CM Stanley ideal, then I/J is also a CM Stanley ideal by using a more appropriate approach than [1] . We use the idea of characteristic poset from [6] . A partial order on N n is given by (a(1),
n be an integer vector with the property that a ≤ g for all a ∈ Z n with x a ∈ I/J. Here x a denote the monomial
where a = (a(1), . . . , a(n)) ∈ N n . The characteristic poset (see [6] ) P g I/J of I/J with respect to g is the subposet of N n given by
Each Stanley decomposition of I/J gives a partition of P g I/J and vice versa. We call a partition of P g I/J , a nice partition if its corresponding Stanley decomposition satisfies Stanley's conjecture. In Proposition 1.2, we give a necessary and sufficient condition for a partition to be nice. In Theorem 1.5, we show that if P I/J has a nice partition, then P I/J also has a nice partition.
In [6] , the concept of fdepth is introduced which is a natural lower bound for sdepth and depth. It is defined as fdepth M = max{fdepth F : F is a prime filtration of M }.
In Corollary 1.6, we show that sdepth (fdepth) of I/J can be computed by computing sdepth (fdepth) of I/J.
Posets and their Partitions
The natural partial order ≤ on N n is defined as follows: a ≤ b, with a = (a(1), . . . , a(n)) and
The meet a ∧ b and join a ∨ b with respect to ≤ are (min{a(1), b(1)}, . . . , min{a(n), b(n)}) and (max{a(1), b(1)}, . . . , max{a(n), b(n)}), respectively. With this natural partial order N n is a distributive lattice. Let K be a field and S = K[x 1 , . . . , x n ] be the polynomial ring in n variables. For any c = (c(1), . . . , c(n)) ∈ N n we denote by x c the monomial
n . Let I and J be two monomial ideals in S such that J ⊂ I. Let I = (x a1 , . . . , x ar ) and J = (x b1 , . . . , x bs ) for some a i , b i ∈ N n for all i. We associate a poset to I/J in the following way: we choose g ∈ N n such that a i ≤ g and b j ≤ g for all i and j. Let P g I/J be the set of all c ∈ N n with c ≤ g and such that a i ≤ c for some i and c ≥ b j for all j. The set P g I/J is a finite subposet in N n and called (see [6] ) the characteristic poset of I/J with respect to g. A natural choice for g is the join of all the a i and b j . For this choice of g, the poset P g I/J has the least number of elements. Given any poset P and a, b ∈ P , an interval [a, b] is defined as [a, b] = {c ∈ P : a ≤ c ≤ b}. Suppose P is a finite poset. A partition of P is a disjoint union
In order to describe the Stanley decomposition of I/J coming from a partition of P g I/J we adopt the following notation from [6] :
The function ρ is introduced as
where ρ(c) = |{j : c(j) = g(j)}|(= |Z c |). Now we quote the following theorem from [6] .
is a Stanley decomposition of I/J, where the inner direct sum is taken over
It is also shown in [6, Theorem 2.4] that sdepth I/J can be computed as the maximum of the numbers sdepth D(P), where P runs over the (finitely many) partitions of P g I/J . From these results we conclude that Stanley's conjecture holds for I/J if and only if there exists a partition P :
Any partition of a poset satisfying condition (1.2) will be called nice.
To this end, we give some definitions associated to a poset. Let P be a finite poset. An element m ∈ P is called a maximal element if there is no a ∈ P with a > m. We denote by M(P ) the set of maximal elements of P . An element a ∈ P is called a facet of P if for all m ∈ M(P ) with a ≤ m one has ρ(a) = ρ(m). The set of all facets of P will be denoted by F(P ).
A chain
n and where each P i is a monomial prime ideal. The set of prime ideals {P 1 , . . . , P m } is called the support of F and denoted by supp F.
The next proposition gives a necessary and sufficient condition for a partition P of P g I/J to be nice. Proposition 1.2. Let J ⊂ I be two monomial ideals of S such that I/J is Cohen-Macaulay. Let P g I/J be the poset associated to I/J and P : P The first equation follows from the definition of the facets, while the last inequality is a basic fact of commutative algebra. Therefore our given partition is nice. Remark 1.3. In the above Proposition if P is nice then we can refine it in such a way that for the refinement
we have {b 1 , . . . , b t } = F(P ). Note that F(P g I/J ) is a subset of the set
In order to formulate the main theorem of this paper, we introduce the following notion. We define the map ϕ : B → N r as follows:
The components of the vectors b are indexed by pairs of numbers ij and for each i = 1, . . . , n the second index j runs in the range j = 1, . . . , r i .
The set of facets of a poset can be viewed as the set of facets of a multicomplex Γ in the following way: if a is a facet of Γ with a(i) = ∞, then we set a(i) = g(i). For details about multicomplex, see [5] . From the result of Soleyman Jahan [7, Proposition 3.8] , we see that the restriction of the map ϕ 
Now we state the following theorem. has also a nice partition.
Proof. Let P g I/J has a nice partition say P . As described in Remark 1.3 we can refine the partition P to a refined partition say P :
, where ψ(c i ) =ĉ i and ϕ(d i ) =d i for all i = 1, . . . , t.
First, we show that [ĉ
which is not possible so we may assume that c i (l) < c j (l). On the other hand if d j (l) = g(l), then we may change i by j. Thus we can assume let c i (l) = d i (l) = k−1 and c j (l) = m > k−1. Then by definition of P g I/J and ϕ we haveĉ i (lk) = 0 =d i (lk) andĉ j (ll) = 1 for l ≤ m. Thusĉ j (lk) = 1. It follows that c(lk) = 0. On the other hand, since c ≥ĉ j , we get c(lk) ≥ĉ j (lk) = 1 and we obtain a contradiction to our assumption that [ 
Now for the second part of the proof, we will use the Hilbert series. We have
. The definition of ψ implies that ρ(c i ) = ρ(ĉ i ) for all i = {1, . . . , t}. We know that the depth of I/J increases by 1 for each polarization step. Also, we observe from the definition of ϕ that for each polarization step, ρ(d i ) increases by 1. Therefore, after p polarization steps ρ(d i ) = ρ(d i ) + p and The converse of Theorem 1.5 is still open. We recall the definition of fdepth from [6] . Let F be a prime filtration of I/J. Furthermore, fdepth F = min{dim S/P : P ∈ supp F} and fdepth M = max{fdepth F : F is a prime filtration of M }.
It is not obvious how to compute the fdepth of a module, but it is very easy to see that fdepth M ≤ depth M, sdepth M . ). Since sdepth(fdepth) of a Stanley decomposition of I/J is minimum of the numbers ρ(c), the assertion follows by observing that ρ(ϕ(c)) = ρ(c) + r − n.
